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Abstract 

We give necessary and sufficient conditions for interpolation in- 
equalities of the type considered by Marcinkiewicz and Zygmund to 
be true in the case of Banach space-valued polynomials and Jacobi 
weights and nodes. We also study the vector- valued expansion prob- 
lem of Lp-functions in terms of Jacobi polynomials and consider the 
question of unconditional convergence. The notion of type p with 
respect to orthonormal systems leads to some characterizations of 
Hilbert spaces. It is also shown that various vector-valued Jacobi 
means are equivalent. 



1 Introduction and results 

Let X be a Banach space, 1 < p < oo and -Lp(]R; X) denote the space of 
(classes of) p-th power integrable functions with norm || / ||:= (Jj^ || f{t) Y 
dtf/P. A Banach space is a UMD-space provided that the Hilbert transform 
on M, 

Hfit):= p.v. / I^ds, feLp{R;X), (1) 
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defines a bounded operator H : Lp(]R; X) — > L|(]R; X) for some 1 < p < oo. 
It is well-known that this holds for some 1 < p < cx) if and only if it holds 
for all 1 < p < oo, see e.g. Schwarz All Lq(/i)-spaces with 1 < g < cx3 



or all reflexive Orlicz spaces are UMD-spaces, cf. Fernandez and Garcia f^]. 
Let / = (-1, 1), a, /? > -1 and Wapit) := (1 - t)"(l + 1)^ for t G /. Let 

Lp{I,w^p-X) :={/:/_ X| II / ||p: = || / ||p;,,^:= || f{t) f w^p{t)dtY/P < oo}. 

The scalar product in L2{I,Wa/3) '■= L2{I ,Waf3',^) will be denoted by 
< ■, ■ > or < ■ >a/3- For a = P we just write Wa and < ■, ■ >a- By n„(X) 
we denote the space of polynomials of degree < n with coefficients in X. Let 
n„ := n„(]R). The L2(/, ti'a/3)-normalized Jacobi polynomials with respect 
to {I,Wai3) will be denoted by p^n'^\ n G Nj/. Hence pi"''^^ G n„ and 

<pt^\pt^^^ >a,p= [ Pt^\t)pt^^\t)w^p{t)dt = (2) 



This normalization is more convenient for us than the standard one of 
Szego 10. For a = /3 = — | (i) one gets the Tchebychev polynomials of the 
first (second) kind, for a = f3 = the Legendre polynomials. Let ti > ■ ■ ■ > 
tn+i denote the zeros of p^n+i ^ '^^ which are in J, and Ai, ■ ■ ■ , A„+i > 
the Gaussian quadrature weights. Thus for any real polynomial q of degree 
< 2n + 1, one has 

n+l 

q{t)waf3{t)dt = ^Ajg(tj). (3) 

Clearly, Aj and tj depend on n,j,a and P but not on q. One has for 
> -1 

A, = {2n+a+(3+3){{l-t'^)p^:_ff (t,)^)-^ ~ | (n + 2 - jr-^^/n'f^^' j > | 

(4) ' 



1 - t^' ~ (j/nf, and p^f/ (tj) ~ n'>/^+" / for all j < f . (5) 
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See Szego 3.4, 4.1, 4.3, 8.9, 15.3], taking into account the different 



normalization tliere. Here \j ~ fj means tliat tliere are constants Ci,C2 > 
independent of j and n sucli tliat Cifj < Xj < C2fj for all n and j 
concerned. For a = P = — |, = 7r/(n + 1). 

Marcinkiewicz and Zygmund ch. X] proved interpolation inequalities 
for trigonometric polynomials of degree < n which for even trigonometric 
polynomials g, after a transformation g{x) = g(cost), x = cost, g G n„, can 
be restated as 

n+1 ^ „ n+1 

3(Ei^(^^)iv(^+i))' < (- / mni-t'r'^dtf. < c,(5^|g(t,)i7(n+i))^/^. 

Here (tj) are the zeros of the Jacobi polynomial Pn+i in the Tchebychev 
case a = (3 = —1/2, and Cp depends on 1 < p < oo only. The left inequality 
holds for p = 1, oo as well whereas the right one fails, in general. For p = 2, 
(3) gives more precise information since = 7r/(n + 1). The Marcinkiewicz- 
Zygmund inequalities extend to the Jacobi case of general a,P > —1 and to 
the vector-valued setting in the following sense: 

Theorem 1 Let X be a Banach space, 1 < p < oo, a, f3 > —1, (tj) the zeros 
of Pn+i ^'^'^ (-^i) corresponding quadrature weights. 

a) There is c> such that for all 1 < p < oo, n eN and q G Il2n{X) 



n+1 „i 

c-\J2 II '?(^^-) 11')'^' ^ ( / II ^(^) II' ^^^my^'- (6) 
,=1 j-i 

h) Let 

fx{a,p): = max(l,4(a + l)/(2a + 5),4(/5+ l)/(2/? + 5)) 

m{a,p): = max(l, 4(a + l)/(2a + 3), 4(/5 + l)/(2/? + 3)) 

and M{a,P) := m{a,py, i.e. m(a,/?)^^ + M{a,P)^^ = 1. Then the 
following are equivalent. 

(1) There is Cp > such that for all n eN and q G n„(X) 
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/I n+l 
II q{t) rw^pit)dtY/p<c,{J2>^j\\ q{t 

7 = 1 



n+1 

(7) 



(2) X is a UMD-space and p satisfies fi{a,P) < p < M{a,P). 

Part (a) is proved just as the scalar result which goes back to Askey [0], 
Nevai ||19[ and Zygmund |^. The converse inequality (7) was shown in the 
scalar case (for a = /?) by Askey under the more restrictive assumption 
m{a,P) < p < M{a,P) using (a) and duality; the duality method, however, 
fails if fi{a, P) < p < m(a, /?). The question whether (7) in the vector- valued 
case requires X to be a UMD-space was raised by Pietsch in the case of 
trigonometric polynomials (corresponding to a = f3 = —1/2) and solved by 
him in this case by a different method p2| . 

In terms of Banach spaces. Theorem 1 states that the spaces n„(X)p as 
subspaces of Lp{I ,Wai3] X) are uniformly isomorphic to Zp+^(X)-spaces, by 
evaluating the polynomials q at the zeros (tj), provided that (b), (2) holds; 
i.e. the Banach-Mazur distances c?(n„(X)p, /^^^(X)) are uniformly bounded. 

For / e L,{I,w^p;X), let QJ := EU < f^Pf > ^t^^ ^ ^r.{X), 
denote the orthogonal projection of / onto the space of polynomials of degree 
< n. The following vector-valued expansion theorem for Jacobi polynomials 



generalizes the classical scalar result of Pollard |26] and Muckenhaupt 



Theorem 2 Let X he a Banach space, 1 <p < oo, > — 1 and m{a,(3) 
and M{a,P) as before. Then the following are equivalent: 

(1) For all f G Lp{I ,Waf3', X) Qnf converges to f in the Lp-norm. 

(2) X is a UMD-space and m{a,i3) < p< M{a,[3). 

The necessity of the UMD-condition on X will be proved using Theorem 
1; the interval for p is "symmetric" with respect to p = 2 and smaller than the 
one exhibited in Theorem 1, (b). Analogues of Theorems 1 and 2 in the case 



of the Hermite polynomials are proved in [|12|. Using the results of Gilbert 



we also prove that various vector- valued Jacobi means are equivalent: 
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Proposition 3 Let a,/3 > —1, l<p<oo, 7GIR with If + ^ — || < i- Let 
X be a UMD-space. Then there is M = M{a, l3,'y,p) > 1 such that for all 
n eN and all Xi, . . . ,Xn & X 

n 

j=0 

n 

Y,pf'^\t)x, r (1 - ty^+^^p/'dty/p. (8) 

j=0 

Here ~ means that the quotient of the two expressions is between 1/M 
and M. Instead of (a, a) and one could consider (01,02) and {Pi, P2) 

as Jacobi-indices, provided the weight functions are changed accordingly. 
The convergence of the Jacobi series in Theorem 2 is not unconditional unless 
p = 2 and X is a Hilbert space, as will follow from the following general result. 
Recall that a series ^„gp^ Vn in a Banach space Y converges unconditionally 
if J^neN^nVn couvcrgcs in Y for all choices of signs = ±1. 

Proposition 4 Let {Q, fi) be a measure space and {pn) be a complete or- 
thonormal system in L2{^l,fi), assumed to be infinite dimensional. Let X be 
a Banach space and 1 < p < 00. Assume that for all f G Lp{Q, fi; X) , the 
series J2n f^Pn> Pn converges unconditionally in Lp{Q, fi; X) . Then: 

(i) If II pj ||2~|| Vj ||max{p,p') and is a finite measure space, one has 

p = 2. 

(a) If supj\pj\ G L2(fi,/i), X is isomorphic to a Hilbert space. 

Statement (ii) was also shown by Defant and Junge ||^. Both condi- 
tions (i) and (ii) are satisfied in the Jacobi case provided that the condition 
m{a,P) < p < M{x,P) holds (necessary for convergence). Without an as- 
sumption like supjipjl G L2{fl,fi), X is not isomorphic to a Hilbert space in 
general, as the Haar system shows. However, one has: 

Proposition 5 Let 1 < p < 00 and {pn)nm be an unconditional basis of 
Lp(0, 1). Let X be a Banach space such that for any f G Lp(0, 1;X), the 
series J2neN < fiPn> Pn converges unconditionally in Lp{0, l;X). Then X 
is a UMD-space. 
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The proof shows that the Haar basis is unconditional in Lp{0, 1; X) which 
by Maurey |16], Burkholder and Bourgain is equivalent to X being a 



UMD-space. It was shown by Aldous |I| that X is a UMD-space if Lp{X) 
has an unconditional basis. 

Let {Q, fi) be a measure space and {pn)neN be a complete orthonormal sys- 
tem in L2(fi, /i). We say that a Banach space X has (pn) — type 2 provided 
there is c > such that for all m G N and all Xi, . . . ,Xm & X 



„ m m 

(/ \\Y.p^it)x,rdf,{t)Y/'<c{Y, 

,=1 ,=1 



Xj 



|2U/2 



X has (pn) — cotype 2 if the reverse inequality holds. In Pisier 
showed for the Haar system (/i„), that (/i„)-type 2 of X is equivalent to X 
being 2-smooth, e.g. has an equivalent uniformly convex norm with modulus 



of convexity of power type 2. In Pisier and Xu ||2^ the related notion of 



if-type p (< 2) is considered for all orthonomal systems {pn)- Kwapieh |]13| 
studied this notion for the trigonometric system (e„) in L2(0,27r) showing 
that (e„)-type 2 (also called Fourier-type 2, en(t) = exp{int)) of X implies 
that X is isomorphic to a Hilbert space. This result generalizes to the case 
of Jacobi polynomials. 

Proposition 6 Let X he a Banach space which is Jacobi {pl^'^^)-type 2 for 
some a,l3 > —1. Then X is isomorphic to a Hilbert space. 

The proof uses the interpolation inequalities of Theorem 1. In general, 
(Pn)-type 2 imphes type 2 in the usual sense fl^ , i-e. with respect to the 
Rademacher system (r„), r„(t) = sgn sin2"7rt. 

Proposition 7 Let X be a Banach space which is of {pn)-typ^ ^ for some 
complete orthonormal system in L2(0, 1). Then X is of Haar type 2, 
hence 2-smooth and of type 2. 

There is a partial converse to this result. 

Proposition 8 Let X be a Banach space and {pnjnen C i^2(0, 1) be a com- 
plete orthonormal system such that for any f G ^2(0, 1; X) the series J2neN < 
f,Pn > Pn converges unconditionally in ^2(0, l]X). Then, if X has type 2, 
it also has {pn)-type 2. 
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It follows from Proposition 5 that the unconditionality assumption in 
Proposition 8 implies that the space X in question has UMD. On the other 
hand, if X has UMD the unconditionality assumption in Proposition 8 is 
satisfied for the Haar system, and thus by Pisier's result mentioned above, 
type 2 and UMD of X implies that X is 2-smooth. This in turn implies type 
2 but does not imply the UMD-property, since by Bourgain there exists 
a Banach lattice satisfying an upper-p and lower-q estimate and failing the 
UMD-property; choosing 2 < p < g < oo there, such a lattice is 2-smooth, 



cf. [15 



2 The interpolation inequalities 

For the proof of Theorem 1, we need a well-known fact about continuity in 
Lp, cf. Pollard |^ or Benedek, Murphy and Panzone In the scalar case, 
it is a special case of the theory of weighted singular integral operators with 
weights in the Muckenhaupt class Ap, cf. Garcia-Cuerva and de Francia [P, 
chap. IV]. 

Lemma 1 Let X be a Banach space, 1 < p < oo, 6 G M and k : — > M. be 
defined by k{u,v) := — — f|. Then the integral operator T^. given 

by Tkfiu) := J^k{u,v)f{v)dv defines a bounded operator Tk : Lp{R;X) — 
L|(]R; X) provided that —l/p<b<l — l/p (actually if and only if). 

Proof: We sketch the simple proof. Let r(u,v) := \u/v\^^^^'. It suffices to 
show that 



sup / k{u,v) r{u,vy dv < M, sup / k{u,v)r{u,v) ^du < M. (9) 

An application of Holder's inequality then shows that is continous 
as a map : Lp(]R;X) — > L|(]R;X) with norm < M. To check the first 
inequality in (9), substitute v/u = t to find 

sup / k{u,v) r{u,vydv = / \t\-^/P /\t - l\dt. 

uy^o Jr Jm. 

This is finite since integrability at is assured by 6 < 1 — l/j9, and inte- 
grability at ±oo hj b > —1/p. Note that for t — > 1, there is no singularity. 
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the integrand tends to \b\. The second condition in (9) is checked similarly. 
□ 

By Szego 7.32 , 4.3], for any pair of indices a, P > —1, there is c = Cq,,/? 
such that for all n G N and t G [—1,1], the L2-normalized Jacobi polynomials 
pi"'^'' satisfy the estimate 

< C (1 -t + n-^)-W2+l/4)(l + ^ + ^-2)-{/3/2+l/4) ^^Q) 

Proof of theorem 1: We start with 
(b), (2)^ (1). 

Assume that X is a UMD space and that p satisfies fi{a,P) < p < M{a,P). 
Let q G Iln{X) and put yj := qitj) /p'n+ii'^j)- The Lagrange functions G Iln, 

m := ptfXt) I {p^:f;>\t,){t-t,)) 

satisfy (■j{ti) = 5ji for z, j = 1, ■ ■ ■ , n + 1 and thus q coincides with its inter- 
polating polynomial q = Yl]=i We have to estimate 

/I pi "+1 (q,/3)/,n 

II q{t) r w^^my/'^ = ( / wY^y, r vo^^mtf/^ 
-1 J —1 j 

from above. Let Ij = (tj,tj_i), \Ij\ = (tj_i ~tj) and Xj be the characteristic 
function of Ij, for j = l,---,n + l, with to := 1. The proof relies on the fact 
that l/(t — tj) is sufficiently close to the Hilbert transform of — Xj/l-^il t 
which is 

Hi-^m = ^logi^^i^i = ^iog|i - ^|. 

ril rjl ^ Pjl ^ 



Let Jn = [an, bn] where 



-1 if/3>-l/2 
-l + rfn-2 if/3<-l/2. 



J 1 if a > -1/2 
^" ~ \ 1 -c/n-2 if a < -1/2; 

and d is chosen such that min(l — ti,l + tn+i) > 2dn^^. By [^ this is 
possible. 
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It follows from (10) that for n G N and t (z Jn 

\pt^\t)\ < C(l - t)-W2+l/4)(l + ^)-(/3/2+l/4)_ (11) 

In the following, constants Ci, C2, ■ ■ ■ may depend on a, /? and p, but not 
on n, j and t. We claim that for n G N and t E Jn 

+ < /.W, (12) 

where 

/,(t) := cimin(^, " t)-("/^+^/^)(l + t)-(/^/2^V4). 

If t is such that |t-tj| > 2\Ij\, (12) follows from (11) and |x-log(l+x)| < 
for |x| < 1/2, i.e. |^ + /7(^)(t)| < j^^. For < 2\Ij\, one uses 

that p^n+i^ ^ ^^^o ^j- -^y mean- value theorem there is a 6' between 



,{",/3) 

t and ti such that 



using that by Szego |3y, 8.9] and (5), e.g. for j < n/2, 

We note that (only) for j = 1, the logarithmic singularity of H{xj/\Ij\) 
at t = 1 is not compensated by a zero of p^^-n (^0 = 1); but (12) is true in 
this case and a > —1/2 too, since by (10) for (1 — t) < 



b„(t)i7(^)(t)| < C4n^/2+°|log(n2(l-t))| 
< c5n2(l-t)-W2+i/4) 



using I logf I < C3V ^fore = | + i>0 and < f < 1. Hence (12) holds. 
Applying this we find 
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Ln ■■= ( I II E^iT^ II' <M, + M, 



where 



Ml := cei 



n f t-r -L 

M2 := i (E II II 



and 7 := a{l/p - 1/2) - 1/4, 5 := p{l/p - 1/2) - 1/4. The restrictions on 
p are equivalent to — 1/p < 7, 5 < 1 — 1/p and 1 < p < 00. In particular, 
I7I < 1, \S\ < 1. We estimate the "main" term Mi and the "error" term M2 
separately. 

We claim that the kernel s) := l/(t - s)((l - t)/(l - s))t((1 + t)/(l + s))'', 
t, s G [—1,1] defines a bounded integral operator : 1,1;X) — > 

Lp(-l,l;X). Indeed, by lemma 1, the kernel |((1 -t)/(l - s))^ - l|/|t- s| 
defines a bounded operator Lp{R;X) — > L|(]R;X), replacing t and s by 
(1 — t) and (1 — s). Since X is a UMD-space, so does l/{t — s) and hence also 
l/{t — s)((l — t)/(l — s))'''. Since {j^Y is bounded from above and below 
by positive constants for s, t G [0, 1], the kernel K defines a bounded operator 
Tfc : Lp{0, 1; X) — > -Z^p(0, 1; X). The same holds on the interval [—1, 0]. The 
kernel is less singular for t and s of different sign: if s G [—1,0], t G [0, 1], 
the substitution s ^ —s yields a kernel of the type {1 / (t + s))wi{t)w2{s) 
on [0, 1]^, where wi and W2 are integrable over [0, 1] and bounded near 0. 
By Hardy, Littlewood and Polya [|I^, the kernel l/{t + s) defines an op- 



erator Lp(0, cxd) — > Lp(0, 00) of norm 7r/sm(7r/p), for any 1 < p < 00. 
Since l/(t + s) is positive, this also holds for X- valued functions and hence 
Tk : Lp(— 1,0;X) — >• Lp(0, 1;X) is bounded as well. The case s G [0,1], 
t G [—1,0] is treated similarly. Together these facts prove the claim. Hence 
there is a Cj such that for all / G Lp(— 1, 1; w^s', X) 



ll/p 



10 



and thus 



Ml < ceC7{f \\J2yjXj{s)/\Ij\\\''w^p^sp{s)dsy^P 

n+1 

< cs{j2 II yj r m'-'y^.p,sp{W/^ (13) 

n+1 

< c9(5]A,ii5(t,)r)v^ 

using that by (4) and (5) 

A, - ipl"+f (t,)n/,r-^(i - t.ni + 1,)'^ 

The error term M2 can be discretized in view of the monotonicity prop- 
erties of the /j's. The integration with respect to t for \t — tj\ < 2\Ij\ leads 
to another term M21 of the form (13), and M2 < M21 + M22 with 

n+1 ra+1 

M22 = c,o{J2iY. ll%IM^.I/(^.-^.)Yl^.Kp,a^.))'/' (14) 

1=1 j=l,j^i 
ra+1 n+1 

= cio[E( E II ^(^^o 11)"]'^"' 

i=l j=l,jyti 

where 0^^- = XjY/Pw^^sit,i)\Ij\/{\p'^^^-^{tj)\{ti - tjf) for i ^ j and 7,5 as 
before. We claim that A.^ = (ajj)"^ii defines a map An : ^p"*"^ — > 
with norm bounded by a C independent of n G N. Then (14) is bounded by 
CiqC{J2]^=i -^j II li^j) W^y^^ as required. Calculation using (4) and (5) shows 
that for i, j < n/2 

^ij - (j)^ (,2^^2)2 ^ 77 (a + l/2)(2/p - 1). 

The restriction on a gives that —1/2 < 77 < 2. This easily implies 
< Cii/(i — i)^^^; for ?7 > or (77 < and i > j/2) one even has the 
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bound cii/(i — j)^. In any case 



sup \aij\ < C, sup \aij\ < C, 

and hence {aij)ij<n/2 is uniformly bounded on i^^^"^^ and ^[^^^^ and thus by 
interpolation on i^p^'^K The three other cases of pairs e.g. i > n/2 > j, 

are treated similarly, using the assumption on /3 as well. 

This proves (2) =^ (1) except for the case of a < — 1/2 or /3 < —1/2 when 
(11) and (12) do not hold for t ^ J„. Assume e.g. a < —1/2. In this case, 
we estimate the remaining term 

by the triangle and the Holder inequality, using (4), (5), (10) and the fact 
that for t>hn\t- tj\-'^ < d{n/jf. We find 



n+1 

Ma < ci2 n-2(i+")/f(^ j«-V2 II ^. II) 

n+1 n+1 

< ci3(^j-('*(^/^-^)+^/^+^/2)^v/^''(^A, II X, 

n+1 
3 = 1 



T- \\PV/p 
'3 II -^3 W J 



where wc have used that a(- — 1) + ^ — ^ > ^. 

' p 2 p' 

(b) (1) =^ (2). For the converse, assume the interpolation inequality (7) to 
be true. 

We claim that (7) implies that the Hilbert matrix A — ((i— j + l/2)"^)ijgN 
defines a bounded operator A : ip{X) — > ip{X). A well-known approxima- 
tion and scaling argument shows that this is equivalent to the boundedness 
of the Hilbert transform H in Lp(]R;X), i.e. X is a UMD-space and neces- 
sarily 1 < p < oo. In this sense A is a. discrete version of H. For n e N 
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we need the zeros {t'^~^^)^^l of p^^+i ^"^^ (^DLi oi pi^'^\ ordered decreas- 
ingly as before and the corresponding quadrature weig hts X]+^ and A^ Let 
•^n {j ^ I x/^ < H < i^ix/^}. For any sequence C X, consider 

the X-valued polynomial 

q := J2 ^J'%(T' e n.(^) , i]^\tr') = 5.,. 

Applying (7) to q and inequality (6) with {n + 1) replaced by n we find 

(E II ^(^") 11')'^' ^ /' II II' ^'^^(t)dty^' < II ^(^i) 11')'^'' 

(E II E ^^^-^^^ 11')'^" ^ ^^(E II r)'^" (15) 

with 

Let kn := |Jn| ~ n/2. By (15), i?„ := {bij)ij(zJ„ satisfies || Bn : 
ip"{X) — > ^p"{X) II < C2, C2 being independent of n G N. Bn is close to 
the block An := ((i — J + l/2)~^)j jgj^ of the Hilbert matrix A. To show this 
we first evaluate bij. By Szego |3y, (4,5.7)] 

(1 - = iVn't + r^„")(pi"''')(t) - VnP^:i\t), 

where rjn, rjn', rjn" G M depend on n and (a, /3), with — > 1 for n — > oo. 
Hence, using (5), for i < 3n/4 

ptfi\t7) = ri-\i-{t7r)p^^''^\t7) - {-mn/zr-'/\ (le) 

Thus bij = 7r/(5>(tr - ^r^)) ^^^^^ < C3 < |7f|,|5j^| < C4 < oo 
for i,j G Jn and the matrices Cn ■= {cij)ij^j„, Cij := n~^{t^ — t""*"^)"^, are 
uniformly bounded on £p"(X) as well. By Szego (8.9.8], 

t- = cos^r, e^=^I±Jl±I^, (17) 

n + o; + 1/2 ^ ^ 
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where k depends on {a, (3) only and supj^j^^ \eni\ — > for n — > oo. For 
kn X kn matrices and En, we write Dn ~ provided that the matices 
Dn — En are uniformly bounded as maps on for any 1 < p < oo. It 

suffices to show that C„ ^ An, then sup^^j^ || An : ip"{X) — > ip^'iX) \\< c^, 
i.e. X is a UMD-space. We have 



1 1 

Ci 



"'^ ~ 2nsin(^f - ej+^)/2 sin(^f + e]+^)/2' 
If ^ 

"^'^ + 1/2) sm{9f + 9]+')/2' ^'^ 

then Cn^ Dn : l/sin[(^" + 9J'^^)/2] is uniformly bounded for i,j G Jn, and 
hence the estimates |1/ sinx — < for |a;| < 7r/4 and \l/x — l/{x+e)\ < 
2e/x'^ for x = z - j + 1/2 and |£| < 1/4 yield 



1 11 n 

K-dij\ < '^^^\2nsmi9l^-9';+')/2 ~ n{9^ - 9]+y ^ n{9^ - 9]+') ~ 7r(z - j + 1/2) 
^ \i-j + l/2\ 1 
- ""^^ V? |i-j + l/2|2^' 

Hence supj I'^ij ~ I — <^8- ^^^Pj J2i l<^«i ~ — '^8 uniformly in n G N, 
i.e. Cn ~ Dn (first for p = 1, oo, then by interpolation for general p). Next 
Dn is transformed into En = (e^j) with Dn ~ i^'n, 

7r(z - J + 1/2) sm ^tt 
By the Lipschitz continuity of 1/ sinx in 7r/4 < x < 37r/4, 

- Cijl < cg/{n\i-j + 1/2|), 

which again is uniformly row- and column- summable, i.e. Dn ~ En- Finally, 
let 

7r{i-j + l/2)sm^7r 
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For y G [vr/S, Svr/S], g{x) = 1/ sin(x + y) is Lipschitz-continous in x G 
[7r/8,37r/8] with constant < 2. Hence for i,j G Jn 

\i — j\ 2 
l^'J- - -^^^-l ^ n|z-j + l/2| - 

Since (sin(^)^"'^)igj^ is bounded away from zero, this imphes that An = {{i — j + l/2)^^)jjgj^ 
defines uniformly bounded maps on ip"{X). Hence X is a UMD-space and 
1 < p < oo. 

We now prove that (7) imphes fi{a,P) < p < M{a,P). This is a purely 
scalar argument, X = M. By symmetry, we may assume that a > f3; the 
case of a < —1/2 {1 < p < oo) is known already. So let —1/2 < a. Take 
q = Pn"'^^ G H^ in (7) to show that necessarily p < M{a,(3) = 4^^: Using 
the second formula of Szego |3^, 4.5.7], one shows similarly as in (16) that 
\Pn''^\t'l+'^)\ ~ (n/i)"-i/2 for i < n/2 and ~ (n/(n + 2 - i))^-V2 for t > n/2. 
Thus by (4) and Newman- Rudin [^, cf. also (10), 



(/ \pi:^'\t)\^w^,mY^'' 



1 p<M{a,(3) 
(fog^)i/p p = M{a,f3) 

^p(a+l/2)-2(a+l) py.M{a,(3) 



;i8) 



n+1 



3+1 

1 (p < OO and a < 1/2) or {p < 4(a + l)/(2« - 1) and a > 1/2) 

(logn)i/P p = A{a + I) /{2a - 1) and a > 1/2 



(19) 



n 



(a-l/2)-2/p(a+l) 



p > 4(a + l)/(2a - 1) and a > 1/2 



Hence for p > M{a,f3), the order of growth (in n) in (18) is faster than 
in (19) and (7) cannot hold. To prove that necessarily p > ^{a,P) = 4(a + 
l)/(2a + 5) for a > 1/2 ifx{a,P) = 1 for a < 1/2), we take 

q = he H„, i,{t) = pit\t)/{{t - h)ptf/{h)). 

Clearly, the right side of (7) is ~ A}''*' ~ 77,-2/p(q!+i) i^y (^4^ whereas the 
asymptotic formulas for pn°'^^ of Szego 8.21] and (5) yield 
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1-n- 



q-p/4(2q+5) ^^^) 1/p^-(q+5/2) 



(logn)^/*' p = lx{a,P) 



(20) 



Hence (20) grows faster in n than A^''^ ~ n-'^/pio'+'^) if p < jj[a,(3), i.e. 
p > fi{a,P) is necessary for (7) to hold. This proves (b) of Theorem 1. 

(a). The left interpolation inequality (6) in Theorem 1 is proved as in 
the scalar case. Nevai's proof in [jl9l using the mean value theorem, Holder's 
inequality and some weighted form of Bernstein's inequality in the p-norm 
generalizes directly to the vector-valued setting. Just as the scalar result of 
Khalilova |Tl| and Potapov the vector- valued form of the Bernstein Lp- 
inequality (lemma 2 in [19 1) is proved by interpolating at Tchebychev nodes, 



using an averaging technique, the triangle inequality in Lp and the Bernstein 
inequality for the sup-norm. In the vector valued case the latter follows from 
the scalar version, applying linear functionals and using the Hahn-Banach 
theorem. We do not give the details, since the proofs of [ p!9|] , 
directly generalize. 
Remarks. 

(1). If the validity of (7) of Theorem 1 (b). 



n|] and |7 



□ 



/n+l 
II q{t) rw^pit)dtY/'<CpiJ2>^T' II 



|p\i/p 



is required only for all polynomials q G Hfc(X) with k < n/2, this holds for all 
1 < p < oo and all Banach spaces, at least if a, /5 > —1/2. This follows from 
the boundedness of the generalized de la Vallee-Poussain means in Lp{X) 



along similar lines as in Zygmund ||32|, Stein ||29[ and Askey [g]. Thus the 
restriction on p and X in Theorem 1 comes from requiring the number of 
nodes to equal the dimension of H„, namely {n + 1). In this way, however, 
one isomorphically identifies H„(X) C Lp{X) with the space ip'^^{X). 

(2). The proof of the necessity of the UMD-condition for inequality (7) of 
Theorem 1 (b) will work for more general orthogonal polynomials provided 
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that sufficiently precise information on a fairly large part of the zeros of these 
is known, like in (17). 

The restriction p < M{a,f3) means geometrically (for a > —1/2) that 
the value \pl^''^\t^'^^)\^ is much smaller than the dominating mean value of 
\pn''^\t)\P over (t^+\ 1) with respect to Wap{t)dt, if p > M(a,/3). 

An immediate corollary to Theorem 1 is the following result on the con- 
vergence of interpolating polynomials which in the scalar case is due to Askey 
[|] and Nevai |l3. 

Proposition 9 Let X he a UMD-space, a,P > —1 and p < M{a,P). Let 
f : (—1, 1) — > X be continuous. Then the interpolating polynomials of f at 
the zeros (tj)"^^ ofp^_lf, I^f := Xli=i fih)^j ^ n„(X), converge to f m the 
p-norm, 

II / - Inf \\p;a,/3= {j ^ \\ f{t) - Inf{t) f W^p{t)dtY/P ^ 0. 

Proof: Approximate / by polynomials g„ G Iln{X) in the sup-norm, || 
f — In Woo — >■ 0. We may assume that fi{a,P) < p < M(a,/5), since the 
p-norms get weaker for smaller p. Using (b) of Theorem 1 and 

n+l 



^ = / Waf}{t)dt =: M < OO, 
j=l 



we find 

II / Inf ||p;a,/3 ^ || / Qn \\P',oi,P ~l~ II I-nf ||p:a,/3 

n+l 

< M^/P II / - gn Hoc +Cp( J] A, II g„(t,) - f{t,) rf/^ 



< (1 + Cp)MVf II /-gJI^^O. 



□ 



3 Convergence of vector- valued Jacobi series 

Proof of Theorem 2: Recall that Q„/ := Y.%o < f^pf^^^ > pf'^^ ^or 
f G Lp{I ,Wa,/3', X). Thus Qn is the integral operator induced by the ker- 
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nel kn{x,y) = Y^^=oP^P^\^)P^P'^\y) with respect to the measure dij,{t) = 

Wai3(t)dt. 

(2) ^ (1). We sketch the straightforward generahzation of the scalar proof 



of Pollard ||26[ and Muckenhaupt |jT8[ to the UMD-case. Since Qnf / on 
the dense set of X-valued polynomials /, (1) of Theorem 2 is equivalent to 

sup II Qn : Lp{I, Wa,p; X) — > Lp{I, Wap, X) 11= Cp < oo. (21) 

ngN 

Using the Christoffel-Darboux formula for fc„ and the classical analysis 
of Pollard p6|, (21) will follow from the uniform boundedness of the in- 
tegral operators T„i, T„2, Tns induced by the following kernels as maps in 
Lp{I,Wc,i3;X): 

Kr{x,y) ■.= pi^i\x)qi'''f'\y)/{x-y) , gi°'^)(y) := {I - y')pi^^''f'^'Hy) 

K2{x,y):=K,{y,x) , K3{x,y) := pl:'''\x)pi"'''\y). 

The proof of the uniform boundedness of T„i and T„2 is similar to the 
proof of Theorem 1, (b), (2) =^ (1). On the intervals J„ defined there (for 
a, P > — 1/2, J„ = /), Tni and T„2 are uniformly bounded in p-norm provided 
that the weighted Hilbert transform kernels {x — y)^^ {wap{x)wa/3iy)Y^'^ {{1 — x'^)/{l — y"^))"^^^^ 
(+ for Tn2, - for T„i) define bounded operators on Lp(J; X), as follows from 
(10) the same way as in (b), (2) =^ (1). In view of the UMD-assumption on 
X, this will follow from the boundedness of the kernel operator defined by 

-^\{w^p{x)w^My^Ml - X')/{1 - y2))±V4 _ 1| 

\x - y\ 

on Lp{r, X). Using again lemma 1, the latter fact is a consequence of 

— < «(- - ± T,/5(- - ± T < 1 - -, 
p p 2 A p 2 A p 

i.e. m{a,P) < p < M(a,/5). If e.g. a < —1/2, the part of || T„j/ ||p, i e 
{1,2}, on the interval (1 — n~^, 1) outside J„ has to be estimated separately. 
However, pl^'^^ and gi"'^'' are uniformly bounded in n G N there, and a direct 
application of the continuity of the (unweighted) Hilbert transform suffices. 
The uniform boundedness of T„3 follows from sup„gpj || pl^'^^ \\p\\ pi"'^^ ||p'< 
oo if m{a, (3) < p < M{a, 13). 
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(1) =^ (2). Assume that Q„/ — > f for all / G Lp[I ,Wai3', X). By the 
Banach-Steinhaus theorem, this is equivalent to (21). Using (21), we prove 
(7) of Theorem 1, which then implies that X is an UMD-space and, in view 
of the self-duality of (21), that m(a,/3) < p < M{a,l3). To show (7), we 
dualize (6) which holds for all X and p. Let q £ n„(X). Then there is a 
g e Lp,{I,Wafs;X*) which || g \\p'-a,p= 1 and 



J-={j II (lit) W" Wa^{t)dty/P " / ^ (lit),9{t) >{X,X*) Wa0{t)dt 



< Q{t),Qng{t) >{X,X*) Wap{t)dt. 



-1 



Since < g, Qng >€ ^2n-i Gaussian quadrature. Holder's inequality and (6) 
as well as (the dual form of) (21) yield 



n+1 

J = < q{tj),Qng{tj) > 

n+1 n+1 
n+1 

< c\\Qng\\p.^js{J2>^j\\^(tj)\\'y^' 

n+1 

which is (7). □ 

We turn to the equivalence of vector- valued Jacobi means. 
Proof of proposition 3: For a > —1 and Wa — Wa,a, the map t/j : L2{I, Wa] X) 
defined by 

i^{g){s) = (sins) "+1/2^ (cos s) g e L^il^w^-X), s e [0,7r], 
is an isometry. Let q^^ :— ■0(^1"'°^) and 

n 
j=0 
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These kernels induce uniformly bounded operators on Lp{0, vr; X) for any 
1 < p < oo, e.g. there is Cp such that for all n G N and h G Lp{0, n; X) 

/Ci"'^)(^, s)h{s)ds f dty/P < Cp{ / II h{s) f ds^^P. (22) 



This follows from the proofs of Theorem 1 and 3 of Gilbert |§| : The scalar 
proof given there directly generalizes to the X-valued UMD-case since only 
the Lp-uniform boundedness of the Dirichlet and conjugate Dirichlet kernel 
operators is used, which holds X- valued for UMD-spaces. In effect, /Ci"'^^ is 
shown in P| to behave very similar to the Dirichlet kernel. In particular 

\}Cl:'^\t,s)\<d^/\t-s\ (23) 

where di is independent of n G N and t, 5 G [0, tt]. We claim that also 

}Cl"'f^\t,s){smt/ sin sy+^/P-^^'^h{s)ds f dtY^P < Cp'{ / || h{s) f ds 



(24) 

provided that I7/2 + 1/p - 1/2| < 1/4. By (22), this will follow from the 
uniform boundedness of the difference kernel operators 

£K/3)(t,s) := K,'C'''\t, s)((sint/sins)^+^/P-^/2 _ 

in Lp(0, 7r; X). Using (23) and elementary estimates we obtain the existence 
of a d2 such that for n G N and t, s G |0, 7r/2] 

|4"-/5)(t, ,)| < ^^|(!i!^)7+l/p-l/2 _ l| < ^2 |^t^^+i/p_i/2 _ 

|t — s| sins \t — ^ s 

Hence by lemma 1, the £i"'^^-kernels define uniformly bounded integral op- 
erators in Lp(0,7r/2;X) since -l/p < 7 + l/p- 1/2 < 1 - l/p. On (7r/2,7r), 
the estimate is similar; for t G [7r/2, tt], s G [0, 7r/2], there are only point sin- 
gularities and the transformation t — > tt — t reduces the ^i^'^^^-boundedness 
to the one of the positive kernel l/(t + s) in Lp(0, 7r/2; X). Hence (24) holds. 

For functions / G Lp{I , W(^p+^)p/2; X) on the interval I = (—1, 1) and the 
kernel 

n 
j=0 
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(24) is equivalent to 
'-1 

< Cp' II f{y) r w^p+,),/2{y)dyy/^ (25) 

as the transformation h{s) — (sin s)^"'"'''"'"^/^/(cos s) shows. Applying (25) to 

f{y) = YTj=QP'j^'^\y)^3-> where Xj G X, yields a one-sided estimate of (8); the 
converse direction follows from the symmetry of the statement in a and j3. 
The argument also shows that the convergence of the series p^"'"'* ® Xj in 

Lp{I, W(^a+-i)p/2\ X) is equivalent to the convergence of the series 
in Lp(/, W(;3+7)p/2; X), provided that I7/2 + 1/p - 1/2| < 1/4. □ 
The choice of p = 2 and 7 = shows that the means 



/I " 
\\Y,pf^-\t)x,fw^{t)dtY'^ 

■1 3=0 



are essentially independent of «, the choice of 7 = for 4/3 < p < 4 shows 
a similar statement for the means 



(/' \\j2pf'''\t)x,rw^p,2{t)dtYi^. 



4 Unconditional convergence 

We now show that under the conditions of Proposition 4, vector- valued con- 
vergence of orthonormal series is unconditional only in the case of Hilbert 
spaces. 

Proof of Proposition 4: 

(i). Let (fi, /i) be a finite measure space and (p„) be a complete orthonor- 
mal system in L2(fi, //) such that < f,Pn> Pn converges unconditionally 
for all / e Lp{Q,fj,). By duality, the same holds in Lp'{Q,fi). Thus we may 
assume that p >2. Using the unconditionality and the Khintchine inequality, 
we find for any finite sequence (a„) C IK 

XI l^nl^ =11 XI '^"^^ II2 - ^1 II X "'"'P'' lip 

n n n 
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- / / \ y2^rirn{t)Pn{w)\^dfl{w)dtf 

Jo Jn „ 

< Cs{ [ {J2\an\'\Pn{w)\Y'dKw)f'' 

n 

n J^ 

= C3 E |a„p II p„ lip < C3 sup II pn \\l E |a„| 



a,, 



|2 



where we have used the triangle inequahty in Lp/2 and the assumption on 

II Pn lip- 
Hence II ^n^nPn ||p~|| (^n) ||«25 "which iuiphes p = 2 since (j9„) was 
assumed to be a complete orthonormal system and Lp{Q, ^) ~ £2 only for 
p = 2. Thus (i) holds, even for X = K. 

(ii). We give a modification of the argument of Defant and Junge |P. Let 
Xi, ■ ■ -Xm £ X. By the unconditionality assumption on the (pj), the hypoth- 
esis that supj \pj\ G L2(fi, /i), and the contraction principle, cf. Maurey and 



Pisier we get. 



{ / II J^P.Ha;, f d^i{w)f/^ ^ / / II E^iWPi(^)^^- II' dtd^i{w)f'^ 
Jn Jn Jo 



C2( / (sup \pj{w)\^){ I II y'rj(t)xj- f dt)dfx{w)Y 
Jn j Jo 

/ \\J2r,it)x,rdtY^\ 

"^0 ,=1 



< 



< C3 



Let (7j) be a sequence of independent standard A^(0, 1) Gaussian variables 
on a probability space (F, z/). By Pisier ||2^ with C4 = A/7r/2 C3 

( / II E^^-H^^- II' ^/^(^))'^' < ^4( / II E^^-(^)^^- II' ^'^(^))'^' (26) 
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Since L2(fi, /i) is infinite dimensional, for any n G N tliere is a unitary 
map 

U : L2(fi,/i) — > L2{fl,fi) sucli tliat witli fj := Upj the functions fi,---fn 
are mutually disjointly supported. Let fk = Ylij'^jkVj ^ -^2(^5/^); iujk) 
unitary. Applying (26) for arbitrary yi, ■ ■ - yn ^ ^ with Xj := J2k=i '^jkyu "we 
find using the unitary invariance of the right side of (26) 



k=l •'^ k=l 

Jn ^ 

» n 

= C4(/ \\Y,^kis)ykrdu{s)y/\ 
"^r k=i 

i.e. X has cotype 2. Similarly, the converse inequality to (26) will imply that 
X has type 2 and thus by Kwapieh [|13| that X is isomorphic to a Hilbert 
space. By Maurey and Pisier , the Gaussian and the Rademacher means 



are equivalent since X has cotype 2. Using this and Kahane's inequality 
we get for any xi, ■ ■ ■ Xm & X 



n III nj^ III 

i \\J2^As)x,rdu{s)y/' < C5(/ \\j2^,{t)x,rdty/' 

„1 m 

< Cq II 'y^rj(t)xj II dt. 

Since || pj \\2= 1, the contraction principle, the Holder inequality and the 
unconditionality assumption yield similarly as in Defant and Junge [^], cf. 
also Pisier |^, that this is 



C6 



I m 



^.=1 Jn 



E( / \PjM\'^dfi{w))rj{t)xj II dt 
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pi p 

< C7 / / (snp\pj{w)\) II ''^^Pjiw)rj{t)xj \\ djj,{w)dt 

Jo Jq j 

p pi ni 

< C7 II sup \pj\ \\L2(n,f,) ( / / II y]'^i(^)Pi(^)a;i f dtdfi{w)y/'^ 
j Jn Jo 



r- 

m 

>l/2 



n lib 

- / II y^Vj{w)Xj f dfi{w)y 
Jn 



i.e. the converse to (26) holds. Hence X is isomorphic to a Hilbert space. □ 
As a corollary we find 

Proposition 10 Let a,(3 > —1, 1 < p < 00 and X be a Banach space. 
Assume that for all f G Lp{I,Wai3; X), the Jacobi series X]-^o ^ > 
pi"'^^ converges unconditionally in Lp{I ,Wai3', X) . Then p = 2 and X is iso- 
morphic to a Hilbert space: the expansions converge unconditionally precisely 
in the Hilbert space situation. 

Proof: By Theorem 2, necessary for convergence is m{a,(3) < p < M{a,(3). 
For these values of p, the inequality (10) yields e.g. if p > 2 



p 



'f'"^ < ci / (1 - t)-(i-p/2)-P/4(i + t^m-pm-p/^dt 



C2 = C2 II p'f'^^ \\2;a,P< OO 



and 

II sup bS^'^^l h;a,f^< C3( / (1 - t'r'/'dty/' = C4. 



Thus p = 2 and X is a Hilbert space by Proposition 4. □ 
The unconditionality of the Haar system in Lp(0,l;X), if 1 < p < cxo 
and X is an UMD-space, shows that Proposition 4 does not hold without 
conditions being imposed on the system (pj) as done in (i), (ii) there. 

For the proof of Propositions 5 and 7, we need the following result due to 
Lindenstrauss and Pelczyhski JI^ proof of Theorem 4.2] and Olevskii |]21 . 



Theorem 11 Let 1 < p < 00 and (p„)„gN be a basis of Lp{0, 1). Let {hj)j^^ 
denote the Haar system on [0, 1], normalized by \\ hj \\p= 1. For any < 6 < 
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1 there is a block basis sequence {zj)j^fq of {pn)nm such that for every N eN 
there is a measure preserving automorphism v^at : [0, 1] — > [0, 1] with 

N 

II lip' II hjOipN - Zj \\p< 6, 

where (z*) C Lp'(0, 1) is biorthogonal to (zj) C Lp{0, 1). 

Thus for some increasing sequence (w^j)jGN>z of integers and scalars {an)nm 

rrij 

Zj ^ ^ O'nPn 

n=m,j-i+l 

is in the above sense cfose to the Haar system. 

Proof of Proposition 5. We will show that the Haar system is uncondi- 
tional in Lp{0, 1; X). Then, by Maurey |jl6[| X has to be a UMD-space, using 
also the results of and 0. 

Let NeN, 0<6<1 and Xi,---,X]y G X. Let ipj^ be as in the 
theorem and put gj := hjOip^. Since {pn)nm is unconditional in Lp(0, 
by assumption, so is the block basic sequence (zj)jgN- Hence for any sequence 
of signs {ej),ej G {+1, -1}, 

.1 N rl N 

1/p 



/ \\j2^Mt)xjrdty/^ = {[ \\J2^Mt)xjrdtY 

Jo ^.=1 Jo ^.=1 

„1 iV .1 N 

< (/ ii$^e,^,(t)x, rrft)^/^+(/ \\J2^A9At) 

Jo ^.=1 Jo ^.=1 

1 iV TV 

< Ki \\j2^At)^,rdtY/^+j2\\9, 

.7=1 i=i 



lip II 



< 



using that Xj =< z*, J2k=i ^k^k > and hence 
II Xo \\<\\ z* 



„1 TV 

ii<ii z* \\pi II 5^zfc(t)x,, rdty/p. 
k=i 
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The constant K is independent of A^, {xj) and {sj). The chain of inequal- 



ities can be reversed with all Sj = +1 to find 



(/ \\j2^A{t)xjrdtY/^ < {K+s){ \\j2^At)xjrdty/^ 

Jo ^.^1 Jo ^.^1 

„1 N 
Jo ,=1 

i.e. the Haar system is unconditional. □ 

A similar procedure is used in the 
Proof of Proposition 7: Let N G N, Xi, - • - x^ e X and < 5 < 1. With 
the same notation as in the previous proof, 

Jo ^.^1 Jo ^.^1 

with Zj — X^^=m _i+i ^nPn {mj)j(z^^, C N increasing. Note that 



( E Kn/'=\\z,\\2<{i + s)\\h,h={i + s). 

n=mj-i+l 

Thus, using that X has (Pn)-type 2, there is K independent of xi, ■ ■ - xn ^ 
X such that 



-'0 j=l Jo „=m^_i+l 

AT ruj 

< ^(i+^)(E E Krii^.f)'/' 

j=l n=mj-i+l 
N 
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This shows that X has "Haar-type 2" which directly imphes type 2 since 
the Rademacher functions form a block basis of the Haar functions, 

nk rik 
j=nfc_i+l j=nfc_i+l 

where (nfe)fcgN^ C N is a suitable increasing sequence. Hence for any sequence 



it=l A;=l J=nfc_i+1 

fe=l j=nfc_i+l 

= x(i+5f(Xiu.r)^/^- 
fe=i 

□ 

We note that if conversely X has type 2, one has as estimate of the 
Rademacher against the Haar mean, i.e. there is a constant C such that for 
alH e N and all {yk)k=i ^ X: 

/ II X n{t)yk f dt<C II X ||2 di. 

•^0 fe=i k=l 

Indeed, this statement is equivalent to the existence of a constant Ci, so 
that for alH e N and all / e L2(0, 1; X) 



„i e 

i iiE^^(^) 

•^0 k=l 



<Lh>\\Y'<c^{\\fhy/' 



Let / e L2(0, 1; X) be of the form / := jy^^i Xj<»fj, where (fj)]^^ C L2(0, 1) 
is a finite sequence of normalized, mutually disjointly supported functions and 
{xj)^^i C X. Since the set of such functions is a dense subspace of 1/2(0, 1;X) 
it suffices to prove the inequality for those. 
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Let (7j) be a sequence of standard independent N{0, 1) Gaussian variables 
on a probability space (T, v) and let M be the type 2 constant of X. Since 
for every x* G X* 

k=l k=l 

< ['\x*{fm'dt 



10 

n 

\X'"[X 



3)\ 1 



1/2 



it follows from the unitary invariance of the 7j's (see e.g. JT^) that 

/ \\Y.^k{s)<f,hu>fdv{s)< [ \\J2lA^>jfMs). 
-^r k=i ^.^1 

Combining this with the fact that since X is of type 2 the Rademacher 
and the Gauss means are i^'-equivalent for a suitable K, we obtain 

if \\J2rkit)<f,hk>fdtY/^ < K{f \\Y,lk{s)<f,hk>\\''dv{s)) 
k=i -^r 

„ n 

< K{ \\Y.l,{s)x,rdu{s)f/' 

n 

< KMiY: II X, = II / lb, 

i=i 

which proves the claim. 

The partial converse of Proposition 7 follows easily: 
Proof of Proposition 8: Let N E N, Xi, ■ ■ ■ Xn E X . By the uncondition- 
ality assumption on the (p„)-system in ^2(0, l;X) and the type property of 
X there are constants ci, C2 independent of N and xi,- ■ - xn G X such that 

„1 N „1 „1 Af 

(/ \\y2Pjit)xj f dty/^ < ci(/ / II Vr,(s)p,(t)x, f 
io Jo Jo 
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„1 N 

N 

i=i 

Hence X has (p„)-type 2. □ 

We still have to show that in certain cases X is isomorphic to a Hilbert 
space provided that it only has (pn)-type 2. This will be another application 
of the interpolation inequalities of Theorem 1 . 

Proof of Proposition 6: For n G N, let denote the Gaussian 

quadrature weights. The (n + 1) x (n + 1) matrix An = {dij) defined by 

flj-fc := \/\Pk'^\^j)ii ~ 1, ■■■)'"'+ 1? ^ = 0,---,n is orthogonal since by 
Gaussian quadrature for /c, £ e 0, ■ ■ ■ , n 



n+1 

i=i 

n+1 

i=i 

Since the measure space {I^Wap) is equivalent to (0,1), we know from 
Proposition 7 that X has type 2. We will now show that X also has cotype 2 
and hence by Kwapieri |jl3|] is isomorphic to a Hilbert space. We use Theorem 
1 (a) to discretize the notion of (pi"'^'')-type 2 and reverse the inequality 
using the orthogonality of the matrix An appearing in this way: By Theorem 
1 and the (pn"'^'*)-type 2 property there are Ci,C2 such that for any n G N 
and Xo, ■ ■ ■ , G X 

n+1 n n+1 n 

EiiE^.^^^ii')''' = C£\\\Y.pt'\t^)^^rY" 

j=l k=0 j=l k=0 



/I " 
1 k=0 
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< (Ell^^lH'^'- (27) 

fe=0 

Since — A^, we can invert (27) easily: starting with arbitrary 
yi,---, Vn+i e X and applying (27) to Xk := X)"=i (^ikVi, k e 0, • • • , n, we 
find 

n+1 n n+1 

E II in^/^ < C2(E iiE^^^^^in^'^- 

j=l A;=0 e=l 

If the A„ were symmetric, this and Theorem 1 (a) would yield the cotype 
2 property. However, An 7^ in general. To prove the cotype 2 property, 
we replace yj by rj{s)yj and apply the contraction principle to find 



(E II 11')'^' ^ ^^(E/ iiE«w%Hprf«)^/' 

j=i k=o e=i 

n „i n+1 

< C3(E sup \aek\'^y^^{ / II E^^(^)2/^ r ds) 
k=o ^^'*+^ ^=1 



Hence X will have cotype 2 provided that X]^=o s^P^<n+i k^fcP is uni- 
formly bounded in n e N. This is correct since by (4) and (10) e.g. if 
e < n/2 

The case of £ > n/2 is similar. By the result of Kwapieh, used earlier, X 
is isomorphic to a Hilbert space. □ 
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